All rights reserved. Printed in Great Britain

J. Appl. Maths Mechs, Vol. 66, No. 5, pp. 841-855, 2002
@ Pergamon © 2003 Elsevier Science L.td
PII: S0021-8928(02)00116-8 0021-8928/02/$—see front matter

www.elsevier.com/locate/jappmathmech

AN ASYMPTOTIC METHOD OF SOLVING TRANSIENT
DYNAMIC CONTACT PROBLEMS OF
THE THEORY OF ELASTICITY FOR A STRIP}

V. B. ZELENTSOV

Rostov-on-Don
e-mail: comlab@aaanet.ru
(Received 16 May 2000)

An asymptotic method is proposed for solving transient dynamic contact problems of the theory of elasticity for a thin strip. The
solution of problems by means of the integral Laplace transformation (with respect to time) and the Fourier transformation
(with respect to the longitudinal coordinate) reduces to an integral equation in the form of a convolution of the first kind in the
unknown Laplace transform of contact stresses under the punch. The zeroth term of the asymptotic form of the solution of the
integral equation for large values of the Laplace parameter is constructed in the form of the superposition of solutions of the
corresponding Wiener-Hopf integral equations minus the solution of the corresponding integral equation on the entire axis. In
solving the Wiener-Hopf integral equations, the symbol of the kernel of the integral equation in the complex plane is presented
in special form - in the form of uniform expansion in terms of exponential functions. The latter enables integral equations of
the second kind to be obtained for determining the Laplace-Fourier transform of the required contact stresses, which, in turf,
is effectively solved by the method of successive approximations. After Laplace inversion of the zeroth term of the asymptotic
form of the solution of the integral equations, the asymptotic solution of the transient dynamic contact problem is determined.
By way of example, the asymptotic solution of the problem of the penetration of a plane punch into an elastic strip lying without
friction on a rigid base is given. Formulae are derived for the active elastic resistance force on the punch of a medium preventing
the penetration of the punch, and the law of penetration of the punch into the elastic strip is obtained, taking into account the
elastic stress wave reflected from the strip face opposite the punch and passing underneath it. © 2003 Elsevier Science Ltd. All
rights reserved.

I. INTEGRAL EQUATIONS

Transient dynamic contact problems (TDCPs) of the theory of elasticity, concerning the penetration
of a rigid punch into an elastic strip using the integral Laplace transformation (with respect to time ¢)
and Fourier transformation (with respect to the longitudinal x coordinate) [1]

oo

ub(x, 3, p) = [ u(x, y, e P'dt (1.1)
0

w0, y, py= [ ut(x, y, p)e™dx (1.2)

successively applied to the differential equations of the theory of elasticity and to the boundary
conditions, taking into account the zero initial conditions, reduce to solving an integral equation of the
first kind in dimensionless form [2-5]

l -—
[ o', p)k(éTx, p)dé =2nfy (x, p), |x|<1 (1.3)
-1
Kt p) = | K, pe®do, ff(x, p)=pa A (x, p), A= %
r

where @~(€, p) is the Laplace transform of the distribution function of the required contact stresses
under the punch, f“(x, p) is the Laplace transform of the function f(x, t) describing the shape of the
punch and the manner in which it penetrates into the elastic medium, u is the Lamé coefficient of the
elastic medium, a is the half-width of the punch, A is a certain constant, which depends on the parameter
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B = cy/cq, and ¢; and ¢, are the propagation velocities of the longitudinal and transverse elastic waves
of displacements and stresses in the elastic medium. The contour of integration I lies in the complex
plane o = o + it and passes from —e to + at an angle —arg p to the real axis (t = 0).

The symbol of the kernel of integral equation (1.3) is the function K(a, p); it is even with respect to
o and meromorphic in the complex plane o = ¢ + i1, where there are two series each of a denumerable
set of zeros and poles depending on the parameter p, and, for large and small values of ¢, has the
following asymptotic behaviour

K, p)=|a|’ +O(a | exp(-2YA'0,)), Re(A'0,)>0 when a— o (1.4)
K(a, p)=K(0, p)+O(@®) when a—0 (1.5)

o’ =1/a2+B2, Y=hla

where A is the width of the elastic strip.
In the integral equations of TDCPs of the theory of elasticity, the function K(a, p) is expressed by
the ratio of entire functions that are linear combinations of exponential functions

cxp(—'YA”(no, +k0,5)); n+k=2m; mnk=0,1,2..., o= «/012 +1
In such a case K(q, p) can be represented by a double functional series

K(o, p) = K(o) + K(a) i i 0, () exp(~yA~ (no, + ko,)) (1.6)

n=0 k=0
Re(0)>0, i=1,2

where
Qo) =0, Qua)=0; n+k=2m+1; m=0,1,2

and function K(o) is the symbol of the kernel of the integral equations of TDCPs concerning the
penetration of a rigid punch into an elastic half-plane {2, 3].

Series (1.6) converges uniformly in the complex plane o = o + it with sections drawn within it from
branching points of the algebraic type o = *i, o = +if} to an infinitely distant point *ico. The coefficients
of this series 0, (o) are rational fractional functions of 6, and 5,. When calculating the roots ¢, and
0, in the complex plane, the choice of the branch is determined by condition (1.6), where V1 =1

2. ASYMPTOTIC SOLUTION OF INTEGRAL EQUATION (1.3) FOR LARGE p

After deformation of the contour of integration I' in the complex plane & = ¢ + it on the real axis
(t = 0), the zeroth term of the asymptotic form of the solution of integral equation (1.3) for small A
(large p) can be represented in the form of the superposition of functions [6]

Lo oot 1FX ) L(l_“_x_ )_ L(i‘. ) 2.1
¢~ (x, p) ¢+(A,p+(p_ A PO P (2.1

which are solutions of the following integral equations

Tobe o35 pl oty <isx<e 2)
e
r L § -~ X L
J o P 22, p)dé =2t (x p), —ee<xs 23)
T oL, p)k é;x»P)d€=2nfoL(X, p), —eo<x<om (2.4)

Integral equations (2.2) and (2.3) as a result of replacement of the variables according to the formulae
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(a plus sign for (2.2) and a minus sign for (2.3))
T=AE'-1, tx=Ax"-1, 1df=Adt’
are transformed into Wiener-Hopf integral equations [6-8] (the primes are omitted)

| @1, pIK(E - x, p)E = 27A” fEEASFL, ), O<x<oo (2.5)
0

Equation (2.4), after replacement of the variables,
E=AE, x=Ax, df=AdE’

is converted into an integral equation of the convolution type on the entire axis [8]
[ 0= PAE - x, )t = 27A7 fif (Ax, p), =0 <x <00 (2:6)

The solution of integral equation (2.6) is obtained by means of integral Fourier transformation (1.1)
and is given by the formula

1 f (a p) i 27
A 2, I Ko p ¢ @7

@L(x, p)=

Following the general scheme for solving Wiener-Hopf integral equation (2.5) [7 8], to determine
its solution X (x, p), at the first step, integral equation (2.5) (for the upper 51gns) is under-defined on
the entire real axis, and then, using the integration Fourier transformation (1.2), is reduced to solving
the functional equation

K(a, p)of (o, p)= A" fH (@, p)+ 2m)~ e (a, p) (2.8)

which holds in the band t_ < Im (&) < 1, of the complex plane & = ¢ + it. Here, the notation

0:F (0, p) = [ @1 pe™dE,  fitf (e, p)= [ fiH(Ax~1, p)e™ax
0 0

0 .
e, p)= f e(x, p)e'™dx

-—c0

is introduced. The function ¢%7(a, p) is regular in the upper half-plane (Im (o) > 7, B <1_<0,
B > 0), and e-F(a, p) is regular in the lower half-plane (Im (c) < T,0<1, < B, g > 0).

The next, key stage of the solution of functional equation (2.8) is the factorization of the function
K{(a, p)

K(a, p)= K, (a, p)K_(0, p)

The functions K. (a, p) are regular in the upper (Im (o) > 1_) and lower (Im (&) < t,, T, > 0) half-

planes, respectively. In the general case, the determination of K. (¢, p) leads to cumbersome singular

quadratures [8]. It is more convenient and, as will be shown below, physically more sound to represent

the function X(o, p) in functional equation (2.8) in the form of expansion (1.6) in the band |Im (o)| <

Since the functions K(OL) [3-5] and Qy(a) exp(-YA” Y(no, + ko)) are regular in the band |Im (a)| < B

the function K(¢, p) in relation (2.8) is regular in this same band of the complex plane o = 6 + it.
Substituting series (1.6) into Eq. (2.8), we obtain the functional equation

K(0)o (o, p)= A7 fot (o, p) - K3 ZOM..k(a P (o, p)+_1":e (o, p) (2.9
n=0k=

My (@, p)=Q, (@)exp(-YA~ (no, +ko,)), n+k=2m, m=12,...

which is regular in the band T_ < Im (o) < 7,.
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Since K(o) is the symbol of the kernel of the integral equation of the corresponding TDCP for the
half-plane [2-5], a method was described in [2, 3] for factorization the function K(), based on a special
approximation of K(), taken in special elementary factorized form. This approximation can be carried
out in the complex plane oo = ¢ + it with any prescribed accuracy [2].

After factorizing the function K(«) in Eq. (2.9)

K(o) =K, (a)K_(o) (2.10)

followed by division by K_{a) of the left- and right-hand sides of Eq. (2.9), we obtain the functional
equation

K. (0)9yf (0, p) = g(e, p) - L(0, p)+X-(, p) (2.11)
where
_fil@p) - T ¥ LF
8((1; P) - AK_(a) ] L(av P) - K+(a)"§0 kgo Mnk((xw P)(P+ (a1 P) (212)
_ 1 e, p)
x-(as P) - M K_ (a)

At the next step of the solution of the problem, we will represent the first two functions of (2.12) in
the form of the algebraic sum of two functions, one of which is regular in the upper half-plane, and the
second of which is regular in the lower half-plane of the complex plane o = ¢ + it

g(a, p)=g.(o, p)+g_(a, p), L(a, p)=L.(a, p)+L_(ct, p) (2.13)

and which can be defined according to the general theorem [18]

_ 1 8&p _ _
g+(0t,p)—2m.rfl oo ds, g (a, p)=g(at, p)—g, (o, p) (2.14)
1 L& p) <
N = — —_—as, O, = s = g\, 2.1
L.(a p) 2m'r£ g % L@ =Lla L) (2.15)

The contours of integration I'y and I'; lie in the band of regularity of Eq. (2.9).
Substituting expressions (2.14) and (2.15) into Eq. (2.11), and grouping, in different parts’of the
inequality, the functions that are regular in the lower and upper half-planes, we obtain a new

equality
K. ()9 (0, p)- g, (0, p)+ L, (. p)=g_(, p)—L_(0, p)+%_(a, p) = F(at, p) (2.16)

The left-hand side of double equality (2.16) defines the function that is regular in the upper half-plane
(Im (o) > 1), and the middle part defines the function that is regular in the lower half-plane (Im (o)
< 14). Together, they define a certain function F(q, p) that is regular in the band 1. < Im (o) < 7,.
Assuming that ¢£7(q, p) = a'2 (Ja| — o) and taking into account the fact that the functions K +(0),
g-(a, p), and K. (a, p) are decreasing as || — oo, we conclude that, by Liouville’s theorem [9], the
function F(c, p) under examination in the complex plane is identically equal to zero. In this case, from
tli%(doul))le equality (2.16) we obtain two equations for determining the transforms ¢-*(co, p) and
e (a, p

LF _ g+(a’ P) _ L+(a9 P) _ _1_ efi(a’ p) _
) (o, p)= K Ko g-(o, p)= L (o, p)+ K 0 (217)

Then, taking into account formula (2.15), for determining @:(ct, p) we obtain an integral equation
of the second kind

oy o 8e(0p) 1 : 0 (& p) .
o @ p==0 2niK+(a)£ I I My, PIK Q== (2.18)
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in which the contour of integration I lies in the plane of regularity of functional equation (2.16), and
o lies in the upper half-plane, If o € T, then (2.18) is a singular integral equation of the second kind
[8, 10] in which the integral on the right-hand side is understood in the sense of the Cauchy principal
part. Introducing the notation

Q@,p)= 3 3 My(a. p) 06f (o, p) =K, ()9 (o, p) (2.19)
n=0 k=0
we obtain an integral equation of the form

okL( P = g0 p) - j o, )“’05@ g (2.20)

The series on the right-hand side of the first equality of (2.19) converges uniformly in the complex
plane o = ¢ + it with the sections drawn within it that were described in Section 1, and its sum
Q(o, p) is a function that is continuous in the area of convergence of the series. The following limit
holds for it

|Q, p)|<Me™ ®, M>0, uel .21)

In this case, when @§f (o, p) € L,(T) (1 < g < o) for a singular operator from the right-hand side
of integral equation (2.20)

S(Qe5t J Q@ p) %C* Al dg (2.22)
we will obtain the estimate
-1
IS©@egD <A™ Pllogl |l A, >0 (2.23)
from which it follows that the operator S is bounded and maps Ly(T") (1 < g < o) into itself [8, 10];
here, |||| denotes the norm in the space Ly(T") (1 < g < o).
On the basis of estimate (2.23), it is possible to select y and A such that for large p
S, <1 (2.24)

while the solution @57 (c, p) from integral equation (2.20) can be obtained by the method of successive
approximations [11], and the solution obtained in this way will be unique.

Returnmg to integral equation (2.20), we form an iteration scheme of the method of successive
approximations for solving this integral equation to determine ok (oc )

0L (0, )= 0L (e, p) - —— | @(§, )‘p*—"‘(%—f’—)dg, m=0,1,2,... (2.25)

2miK (o) ¢ L-

_ 8:(% p) p)
oo, p)= K. o, p)=Q¢&, p)K.(©)

To explain the structure of the solution of integral equation (2.20) or (2.18) obtained by applying the
method of successive approximations, we put m = 0 in expression (2.25). We obtain

(P+l(a P) (P+ 0((1 p)+A(p+ 0((1 P) (226)
LF —- i Py O(CI’ P)
A@ o, p)= KD K@ r{ o, p )"—""——C dg,

where (pff)((x, p) contains no exponential functions of the form

exp(-yYA ' (no, +kG,)), n+k=2m, mnk=0,12,... (2.27)
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whereas the integrand in Ag ff)(a, p) contains an infinite functional series in exponential functions
(227) o(Cy, p) with n + k = 1, 4, 6, .... The contour T'; is situated in the band of regularity of
Eq. (2.16).

Assuming, now, that m = 1, taking expression (2.26) into account we obtain

0:5(0, p)= 05} (0, p)+ A9 (@, p) (2.28)
I o, p) ®,.p) , 1F
Ao (o, 8055y, p)dt,,
9y (a, p) = 2r’K (a)r{ - CII{ L,-L, 010(C2, p)dC,

where (piﬁ (@, p) contains exponential functions of the form (2.27), whereas Ag iF] (o, p) also contains
an infinite set of such functions due to the product of the double series w({;, p) and (&, p). This means
that terms of the series with exp(~yA™'(no; + k0,)), with n + k = 2, contained in q)ff, (a, p) will be
made no more accurate by the exponential functions contained in Ag ’;F] (a, p), since, for these, n + k
=4, 6, ... . All terms of the series with exponential functions in ¢ 4% (ct, p) for whichn + k = 4,6, ...
will be made more accurate by terms of the series with exponential functions contained in A@ i‘; (o, p).
The contours I'y and I'; lie in the band of regularity of Eq. (2.16).
Continuing the process of iterations (2.25), we obtain at the mth step

QL@ p) =0 (o, p)+ A0L, (0, p) (2.29)

(=™ w(C,, p) 0G, p) OCmso P)
K+(a)(2n )”H\][.“‘l [{ CZ C] §2' ,{H Cmi»l Cm

X AQH (G ps1s PIAG sy

At (o, p)=

where (D+L’Fm(OL, p) contains terms of the series with exponential functions of the form (2.27), provided
thatn + k= 2,4,6, ..., 2m, 2m + 2, and AcpJr F (a, p) contains an infinite number of terms with
exponential functions (2.27) due to the product of the double series w({}, p), ©(Cy, p) ... @(Cpyrs p) in
an (m + 1)-tuple integral, for whichn + k = 2m + 4, 2m + 6, ... . This means that the terms of the
series with exponential functions of the form (2.27) withn + k = 2,4, 6, ... , 2m, 2m + 2 will be
made no more accurate by terms of the series with exponential functions contained in Ag ff,,(oa, p), for

whichn + k = 2m + 4,2m + 6, ... . All terms of the series with exponential functions in (pfﬁn(on, D)
forwhichn + k =2m + 2, 2m + 4, ..., will be made more precise by terms of the series with exponential
functions contained in A £ ,,,(0( p) The contours of integration Ty, Ty, ..., T4 lie in the band of

regularity of Eq. (2.16).

It follows from the above that the (m + 1)th approximation of cp+ Fila, p) to the solution
¢ % (a, p) of Eq. (2.16) contains terms with exponential functions (2 27),wheren + k = 2,4, ..., 2m,
2m + 2, that do not change together with the coefﬁ01ents of them in subsequent iterations.

This means that, when determining the solution @4 ,,.1(x, p) in expansion K(o, p) (1.6), we can confine
ourselves to that number of exponential functions for whichn + k <2m + 2, ie.

2m+2 2m+2-n

K, p=K@)+K(@) Y, ¥ Qu(@exp(~yA™ (no, +ko,)) (2.30)
n=0 k=0

Goo(@)=0, Q. )=0 for n+k=2m+1, m=0,12,...

Furthermore it is not difficult to show that the coefficients of such exponential functions in the solution
ok m+1(0L P) will be of the same order of accuracy in terms of o as the zeroth term of the solution ¢ =7 ola,
p). Running ahead, it can be said that, from the physical point of view, the solution (pfmﬂ(a D),
containing terms with exponential functions (2.27) withn + k = 2,4, ..., 2m, 2m + 2, is the mathematical
description in Laplace-Fourier representations of m + 1 repeated reﬂections of the elastic stress wave
generated by the penetration of the punch and reflected m + 1 times by the opposite face (with respect
to the punch) of the elastic strip, passing under the punch.

The (m + 1)th approximation of o4, 1o, p) of the method of successive approximations of the
solution of Egq. (2.18) is taken as the approximate solution @%(x, p) of integral equation (2.5), after its
Fourier inversion
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1= y
Prmat(% P)= > | Qiinn(@, ple™™do, m=0,1,2,... (2.31)

where @57, 1(0, p) is given by formula (2.29).

The function (p’_jf,,+1(a, p) is taken as the approximation solution ¢’(x, p) of integral equation (2.5),
determined by the same scheme as (pl;fmﬂ(a, p), during the implementation of which f; +(c, p) in
Eq. (2.8) is defined by the formula

foslo,py= | fob(=Ax+1, p)e™dx

after its Fourier inversion (2.31), where the plus sign must be replaced by a minus sign.

The zeroth term of the asymptotic solution @”(x, p) of integral equation (1. 3) for large p, containing
a description of m + 1 repeated reflections of the elastic stress wave passing under the punch, is
constructed by means of formula (2.1) with an indication of the number of m + 1 repeated reflections
using the subscript

1+x 1-x X
(pll;l+l(x’ P) = (pi‘.m-#l( A ) ¢ m+l( A )_ (pel;,mH(X' P) (232)

where the function (pimﬂ(x, p) is given by formula (2.29), and (pf:,mﬂ(x, p) is given by formula (2.7).

3. THE SOLUTION OF TRANSIENT DYNAMIC CONTACT PROBLEMS

To determine the asymptotic solution of the TDCP for an elastic strip, it is sufficient to apply an inverse
Laplace transformation to the solutlon obtained in the previous section for the integral equation of
the TDCP (1.3) of the function ¢/;,1(x, p), which is given by formula (2.32). As a result we obtain a
function which defines the contact stresses that occur under the punch at 0 <t < 2(m + 2)h/c; in the

form
a(l+ 1-
(pm+l(x’ t)=q,+,m+l[(—£)—’t]+(p—,m+l(a( X)’t)—(peo,mﬂ[ix"t) (31)
C2 Cy C2

The functions on the right-hand side of this expression are the originals of the corresponding functions
on the right-hand side of equality (2.32).

4. THE SOLUTION OF A TDCP FOR ELASTIC STRIP

To demonstrate the above method for solving transient dynamic contact problems, we will consider the
TDCP of the penetration of a rigid punch of width 2a (|x| < a,y = 0) into elastic strip of thickness
h{(—> < x < oo, () <y =< h) resting on a smooth rigid base (—0 < x < oo, h =y < o). At the initial
instant of time ¢ = 0, the rate of penetration of the punch is v, the mass per unit length of the punch
is m, and there are no friction forces in the contact zone. The shape of the punch and its low of motion
in an elastic medium are determined by the function fix, ¢) (t > 0, x < «) (Fig. 1).

At the initial instant of time, the elastic strip is at rest, and therefore the displacements of the elastic
medium u = u(x, y, t) and v = v(x, y, t) at t = 0 and their rates of displacement are taken to be zero.
The boundary conditions of such a problem in the generally accepted notation of the theory of elasticity
[12] have the form (¢ > 0)

v(x,0,0)=f(x,1) (x|<a), 0,(x0H=0 (a<|x|<e)
(4.1)
‘txy(x,O,t)=u(x,h,t)=’txy(x,h,t)=0 (x| <o)

where 6,, and 1, are the normal and shear stresses.
Usmg mtegral Laplace transformation (1.1) and Fourier transformation (1.2}, applied successively
to the equations of the theory of elasticity in displacements [12] and to mixed boundary conditions (4.1)



848 V. B. Zelentsov
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taking the initial conditions into account, the solution of the TDCP in question reduces to integral
equation (1.3), where

A=21-p%)
K(a, p)=2(1-p*)o,R™ (0, p) (4.2)
R(e, p) = 202 +1)? ctg(yA's,) - 40%0,0, cth(yA'o,)

The function K(o, p) of the form (4.2) possesses all the properties enumerated in Section 1 and is
represented in the form of expansion (1.6), but with the guaranteed presence in expansion K(a, p) of
a finite number of terms, the exponents n + k of which should not exceed the prescribed value
2m+1)(m =0,1,2,...),in the form (2.33), used in implementing the method for solving integral
equation (1.3) (here and below, the number n + k will, for convenience, be called the exponential index:
exp(-yA(no; + koy))).

For the function K(a, p) from (4.2), the coefficients Q,,(0) (n, k = 0, 1, 2, ...) of expansion (1.6),
(230)forevenn + k =2(m + 1) (m =0, 1, 2, ...) are given by the following formulae:

forn+ k=2

On(@=-2RR", Qp(@)=2RR", 0 (®)=0 (4.3)
forn+k=4
O (0) = 2R (R, + R)R™?, Qo) =2Ry(R, + Ry)R™?
4.4)
0n(0)=-8R AR, 0y (0)=0p3() =0
where

R =Qo’+1)?, R,=40’6,6,, R=R -R,, o, =Vol+l, o,=o?+p’ (4.5)

In this case, in expansion (1.6), (2.30) for K(a, p) from (4.2) Qgo(et) = 0 and Qi (r) = 0 forn + k
=2m-1(m=12,..)
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Different methods can be used to obtain the expansion of the function K(a, p) of the form (2.30).
We will indicate one of the simplest methods from the technical viewpoint. For simplicity, we will
introduce the new notation

A=K(o,p), B=K(@), D=g(op)

The function K(«, p) of the form (4.2) is represented in the form of the relation

A=B-DA (4.6)

B=Ac,R (@), A=201-B%)
D=RR(ctgod-1)- RR '(ctigol -1), o =yA''o,, i=12

which can easily be verified, while Ry, Ry, and R are defined by formulae (4.5). Instead of 4, we substitute
its expression from (4.6) into the right-hand side of equality (4.6), giving

A=B-D@B ~-DA)=B-BD +D?A

Then, substituting, instead of 4, its expression from (4.6) into the right-hand side of the latter equality,
and continuing such iterations, we obtain at the mth step of the process the following relation

m+1 , .
A=B-BY (-1y*'DI+(-1)"2D"?4, m=0,1,2,... (4.7)
j=1

The exponential functions exp(~(no + koY) in relation (4.7) are contained only in D and A4, and
here the final term on the right-hand side of relation (4.7) contains exponential functions whose indices
n + k = 2(m + 2), which is not difficult to show if the formula is used

(cthz-1)'=2'Y Cjjexp(-2jz), Rez>0 (4.8)
j=l

with the expression for D in relation (4.7) raised to the power of m + 2. On this basis, the final term
indicated must be discarded since, in the expansion of K(a, p) of the form (2.30), it is necessary to retain
terms with exponential functions whose indices n + k < 2(m + 1), especially as, in subsequent iterations,
in this case the final term cannot increase the accuracy of the expression given by the terms of the
expansion with exponential indices n + k < 2(m + 1). The product of B and the expression with the
summation sign in relation (4.7) contains both terms of the expansion whose exponential indices
n + k <2(m + 1) and also exponential functions with indices n + k = 2(m + 2), obtained after using
the expression for (cth o — 1)!, according to formula (4.8), in D. Exponential functions with indices
n + k = 2(m + 2) are discarded in the given product in view of the fact that the coefficients of the
exponential functions in this product with indices n + k = 2(m + 2) cannot be made more accurate
with m iterations of the process in (4.7) by exponential functions from the last term, the exponential
indices of which n + k = (2m + 2). To make them more accurate, it is necessary to increase the number
of iterations m.

Let us consider the process described for representing K(a, p) in the form of expansion (2.30) in
more detail.

In the case when m = 0, formula (4.7) acquires the form

1 . .
A=B-BY (-1y*'D/+D*A
j=1

To retain in the expansion of K(, p) of the form (2.30) the terms with exponential indices n + k < 2,
the final term D4 is neglected since it contains exponential functions with indices n + k = 4. As a
result, the relation

A=B-BD
is obtained, which, in integral equation notation, has the form

K(o, p)= K(@) - K@[RR'S, - R,R'S}], S;=cthol -1, i=12
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Replacing S according to formula (4.8) when ! = 1 and retammg in the expansions the exponential
functions with indices n + k < 2, i.e. replacing S; = 2 exp(=26'), we write the expansion (2:30) for
K(o, p) with n + k =< 2 in the form of a relation in which the coefﬁc1ents of the exponential functions
are identical with the corresponding coefficients O, (o) of the exponential functions in expansion (2.30),
represented by formulae (4.3).

In the case m = 1, relation (4.7) is represented in the form

A=B-B(D'-DY)+D3A

On the same basis as in the previous case, the last term is neglected and, after changing to integral
equation notation, we obtain the expanded form

K(a, p)=K(o) - 1((00[(1&,1%“52 ~RR'S) —(RR'S, - R,R'S, )ZJ
Replacing in the last equation
S; = 2exp(-207) + 2exp(-40]), S = 4exp(-40))

which is required to satisfy the condition n + k < 4, we obtain that K(«, p), when m = 1, acquires the
form of expansion (2.30), the coefficients of the exponential functions of which are identical with the
corresponding Q,,(0.) of expansion (2.30) and represented by formulae (4.4) withn + k = 4.

Note that, to obtain an expansion of the function K(c, p) of the form (2.30) using a procedure based
on the iteration of relation (4.6) with the guaranteed presence in this expansion of terms with exponential
indicesn + k<2(m + 1) (m =0, 1,2, ...), it is necessary, in order to obtain the key relation (4.7), to
perform exactly m iterations in relation (4.6).

The formulae obtained above for representing the function K(o, p) (4.2) in the form (2.30) are
generalized by the formula

m+l my J m+ l
Ka,pp=Ka)+Ko)Y [2Y g (o,p)|, m. = - m=0,1,2,... (4.9)
j:‘ k=1
where
4,(t, p) = RyR™ exp(~b,6,) - RR™ exp(-b,6,), Re(A'6,)>0, i=12 (4.10)
by = 2kyA-!

which indicates the rule for obtaining the representation of K(a, p) in the form (2.30) for any prescribed
number of terms with the guaranteed presence in it of terms with exponential indices n + k < 2(m + 1)
m=0,1,2,..).

We will now write out the solution of integral equation (1.3) of the TDCP considered for the case
of a single rereflection of an elastic wave from the upper face and passing under the punch. The symbo!
of the kernel of integral equation (1.3), i.e. the function K(«, p), in this case is given by formula (4.8).
The zeroth term of the asymptotic solution of integral equation (1.3) is written according to formula
(2.32) withm = 0.

For the case of a plane punch, where f(x, 1) = f(t) (¢ > 0), the function @* 1, p) = cp+ 1%, p) is
determmed from formula (2.31) with m = 0 as the inverse Fourier transformation of the function
(p,, F.(at, p), which is given by formula (2. 26) and, after calculating the quadratures contained there, in
the case examined acquires the form

l 00
o4 (0, p) = 9Ho(a, 2 205 0(ct p)exp(—bkﬂ)“‘,lgj L& p)y (&0, p)dE (4.11)
- 0
LF =_§2_a2 LF ___1.._f:i££)___
o (o, p) 5 VaoG o p) ==t (0)ioK, ()

L, (&, p)= q; (&, p) +exp(-b,B)

where g,(&, p) and by are given by formulae (4.10), f“(p) is the Laplace transform of the function f(¢),
and the summation sign essentially separates symbolically the structure of the new wave under the punch,
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formed as a result of the arrival under the punch of the elastic stress wave reflected from the opposite
face of the strip.
The inverse Fourier transformation of the function ¢ (a, p) (4.11) has the form

1 1=
oL (% p) =0k o(x, p)+k2'.l 205 o(x, p)exp(-ka)—;t-J L, (&, p)W1o(x, p.E)E, (4.12)
= 0

[ RGN o b @0k }

1 g g K+(O)

o 1
Wf,o(x’l’"i):_eo[! 'CYZI(EQ? J gg(cgz) }

XG0 = ryexe{ 3 do(VE =B ~E=1)? expicsl)
X, (G, x) = r§) exp(dol) cos(dy (/§ ~ By/1- L) exp(~x{)

_ LMD (_1 ) _L-n
0, = A KO 0, =exp 2d0(1+|3), r(€) T

In obtaining formulae (4.11), we used the approximation of the function K(a) from relation (4.6) of
the simplest form [2, 3]

K@) = azofn’ exp[%do(m(a)% M_(a))], M (0) = (BLio - /i)’

0

@rolxp)= 90[

in which the constant d; is determined from the condition for this approximation and the symbol of
the kernel K(a) to be identical when o = 0

dy = (1-B)2 In[KOM2B™)

while +in, are the Rayleigh poles determined from the equation R(o) = 0, and the function R() is
given by formulae (4.5). Under the conditions of this approximation we have

K. ()= "Bxia exp[%do F M(a)]

Ny Fia

where K, (a) = K_ (—oc) Other properties of K. (o) were indicated earlier in [2, 3].

The function 9% (x, p) is the solution of integral equation (2.6), in which terms describing a single
rereflection of an elastic wave from the upper face of the strip are retained, and, in the case examined
of a plane punch, it is given by a formula obtained from expression (2.7)

1
oL (x,p)= neo(l + 2’?_'l exp(—bkﬁ)) (4.13)

This formula can be obtained from the solution of integral equation (2.6) by the method of successive
approximations using a scheme similar to that described when solving integral equation (2.5).

Having determined, in this way, the asymptotic solution of integral equation (1.3) by formulae (2.32)
with m = 0, (4.12), and (4.13), to find the solution of the TDCP considered it is sufficient to take the
inverse Laplace transformation of function (2.32) with m = 0, taking into account expressions (4.12)
and (4.13), which is written in the form

0(x1) = (p+{a(l+x),t)+(p_,l(a(]—x),tJ-(p,{ﬁ,t), |x|<1, O<t<4hic,  (4.14)
C Cy

%] 2

1
Qs (u, ) =@y o(u,)H(t) + /;—:1 [2@. ot — 1))~ Wy o, IH( - 1,1) (4.15)
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’x2
wt,o(u,t)=qu[ I fiwfa- t)d1+—- J A Df@-Ddr+—

(f ‘O+f (0))]

2
f,(u,t):m(u.t)cx;{ do(L-B) ) (4.16)

2/t -Bu +r-u)?
Fat) =) oxp{ 3 do 1+ B+ do - ool s s ]

__ t=mgu
(1) m:}u(t—Bu)

Vsan)=hAg 2 | [o@, o+ Sl )}m_m @17

x1

it
G(u, f)-‘—[H(élz ‘l)j Ton(6.8)ds - HE;, - 1) I Ty (1, E)dE+

331
+HHE], -1 - H(&n-l»I T (6,E)E — (HE, - 1) - HES, = 1) | Tip(t,8)dE

&n &

1/(t—uc ley? -1,
_ 2/ € k,, g = t—uc,/c; Cij=12

i =
%3 U

Tyn08) = R((é)) FO.008, 0,6H="21, ijn=12

=\E2+1, 0, =E +P?

RCO=F RCH=FY

2ng(8) = HEG - g (§) +(HE - P) - HE - 1))g2(§)

I(C)=L§)-exp(;do(«)§-ﬁ' r'—_—l)z)
80 = -E—q(C) Cos(do Ji— r,\/ 1:2)

q@) = e"‘P(-';‘do(l +B)+ doC)

i
QO (W,1)= uA.[f 0+ f0)+ Zgl (fe-t)+ flty ))] (4.18)

=Alc,K_(0)), A, =ANc,K(0)), A=2(1-B%)
K_(0)=K(0), K©)=2B(1-p?), t,=a(l+x)/¢; t,=2khic, i=12

The functions R;(§), R»(§), and R(§) are given by formulae (4.5), and the function r({) is given by
the last formula of (4.12).

In the simplest case, where the displacement of the punch is specified by the formula f(¢) = f, H(?),
where H(t) is the Heaviside function, which corresponds to the instantaneous penetration of a plane
punch into the strip, the solution of TDCP (4.14)—(4.18) considered takes the simplest form, where
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Ps0(t1) = Mo fo| FitDHE =1 )+ £ YH(t ~ 1) - Hiz - ”2)’+1<5(<t()))]

Vol 1) = pA, ol Gu, 1) + glu, t — 1, )IH(E - 1)

[ 1
Qo1 (x.)=pA /| B(D+2Y 5(t-tk|)]
i k=1

while @ 1(x, ¢) is calculated from formula (4.15), and 8(¢) is the Dirac delta function.

Formulae (4.14) to (4.18) enable us to analyse the nature of the stress wave field under the punch,
including the instant of arrival (¢ = 2h/c,) under the punch of the wave front of the first longitudinal
stress wave reflected from the upper face of the strip. When 0 <t < 2h/c, (i.e. before the arrival of the
first reflected wave), the field of contact stresses under the punch o,(x, 0, £) = -9;(x, £) (Jx| < a) is
identical with the field of contact stresses for the corresponding TDCP for an elastic half-plane [2, 3].
When 2h/c; <t < 4h/c,, the longitudinal elastic stress wave that has passed under the punch and been
reflected from the upper face of the strip at the instant of time ¢ = 2k/c, on the punch edges (x = *a)
generates new waves of contact stresses that propagate from the punch edges as from sources with the
velocity of the longitudinal wave c;. At the front of the longitudinal wave propagating from the punch
edges, the contact stresses undergo a break with an integrable root type singularity, and they also have
a constant (time-independent) root-type feature at the punch edges (x = *a).

5. THE MAGNITUDE OF THE FORCE ACTING ON THE PUNCH

The force P(t) acting on the punch, when the punch is displaced in the elastic medium as given by f(¢),
serves as an integral characteristic of the TDCP and is defined by the formula

1
P()=a @(x,ndx, t>0 (5.1)
21

where @ (x, ¢) are the contact stresses under the punch. If one elastic wave rereflected from the upper
face of the strip is retained in the solution of the TDCP ¢(x, ¢), we have

P ! 4h
() =a @ (x,t)dx, O<t<— (5.2)
I

q

where @ (x, t) is given by formula (4.14). The Laplace transform of the function Py(¢) after calculating
the quadrature [13] takes the form

‘Bt(p)= aI @1 (x, p)dx = pAf (p){an tgp+ Z ((5q, + g, p)exp(-t, p) +
-1

1 p?
+512(p)—-n—11(p)]} (5.3)
1(p)-f M, (B JE? - DE exp(-t, Ep)E), M, (w) = p,(u) R(("; =1,
__ 1 |7 _a® 80
P.(u) KK_(O)[{ §2+§2d§ jgz §2 :l
_T7 80 .t &0 .2 a
=% d§+£ T & 2 kg,

The functions g;({) and g,({) are given ¢y 1 'rmulae (4.17).
After applying an inverse Laplace transformation [13], we obtain
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!
Rty =pARq f(N+q,(f'(D+ f(O))"‘kZ [5q,(t = 1))+ 2q,(f' (¢ = 1)+ f(t)) +
=1

+Jz(t)—-’1(t)]}, 0<t<4h/cl<2alcl (54)
’ 2
J(t)——-—H(t-tk.)I M[ - ]Tf(t dt, =12
i k2

The terms outside the summation sign in expression (5.4) correspond to the formula for the force
acting on the punch in the corresponding TDCP for an elastic half-plane; this formula can be obtained
from the previous results [S] when 0 < ¢ < 2h/c,. Under the summation sign there are expressions that
correspond to the complement to the force acting on the punch, after the arrival under the punch of
the first stress wave reflected from the upper face of the elastic strip when 2h/c; <t < dh/c;.

In the simplest case, when f(¢) = f H(t), corresponding to the instantaneous penetration of the punch
into the elastic medium, we have

I
A= uAfo{Zq.-H(t)+425(t)+ 2 [5qH(t-1,y)+29:80 - 1)+ 1. (-, (’)]}
k=1

J.=J|fO=1, i=12

6. THE MOTION OF A PUNCH IN AN ELASTIC MEDIUM

To establish the law of motion of a punch in an elastic medium f(¢), it is assumed that the mass per unit
length of the punch m and its velocity at the initial instant f(0) = v, are known. In this case, the
differential equation of motion of a rigid punch as a point mass and the initial conditions have the form

mf)=Q(), t>0; f(O)=vy, f(0)=f, (6.1)

where fj is the initial displacement of the punch into the elastic medium before the instant of time
t = 0. The force of elastic resistance of the medium Q(r) = -P(¢), governed by the contact stresses
between the punch and the elastic strip, is equal to —P;(¢) for the time interval 0 < ¢ < 4h/c, and is

determined by formula (5.4).
Using methods of the operatlonal calculus [14] when solving the Cauchy problem (6.1) to determine

the Laplace transform fE(p) of the function f(¢), we obtain

_Mmplotmvg L Loy pL 2
= -';'-PT‘—"_—(—) fe(pw=(p)=H"(p) (6.2)

The function P is given by formula (5.3).
Changing in (6.2) to the asymptotic expression for fE(p) for large p, and then to the Laplace originals,
we obtain the approximate expression

1
f() =v,E (t)—uokz (ot~ 1 )E (2~ 1) + @, - 2u2)E (1) +
=}

! 1 4h
+ [wz(‘t)—-B-wl(‘t)]Ez(t—’t)d‘t], O<t<— (6.3)

1 <
sinwt/w, 6,>0
E ()= H(t)e "' {shot/w, §,<0
L, 6.=0

(sin ¢ — wfcosmr) /2w?), 8, >0
E,(t) = H(t)e "' {(sht - wrch ) A2w®), 8, <0
76, 5. =0
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2 2
,/t -2
wi(t) =t Ht = t,)M, e

k2 k2

2
u =202 5‘=2_“ﬂ_(&41), ,,,=§;ﬂ, 0=A[5.]
- 2m

T om’ m 2m

Formulae (6.3) for f(z) indicate that the law of motion of the punch will be a decaying motion when

8+ =< 0 and oscillatory decaying when 8« > 0.
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